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INTRODUCING EXTERNAL CHROMOMAGNETIC FIELDS IN THE SU(3)
LATTICE GLUODYNAMICS

B SU(3) rpaTkoBiii Teopii moJisi 3a 10MOMOT 010 «IiIKPYYeHUX>» TPAHHYHHUX YMOB CHiJIb-
HO BBOJAAITHCSI HEHTPAJIbHI XPOMOMATHITHI 110JIs1, 110 BiANOBiJaI0Th TPETHOMY Ta BOCHMO-
My TeHepaTopaM rpynu. Y ganiii p0603'ri BOHH 0epyThCcsl CIPSIMOBAHHUMHU Y3/10B:K OTHOTO
HanpsiMky. Posrisinaerses rpatka N x N, 3 rinepropoinaisHoio Tonosoriero. Hocriiine
XPOMOMATHITHe 1oJie cIpsIMOBaHe B3J0B:k oci Z . Ha rpaTui BoHO BBOAUTHCS 32 101IOMO-
roI0 «IiIKPy4eHHX» TPAHHYHMX YMOB, siki BusHauyatoTbest SU(3)-matpuuero (). Is ma-
TPHIS MiCTHTH NOTOKH 30BHILIHIX MoJIiB. Po3rusi o0Mesxkeno Bunaakom, ko (2 remepy-
€ThCH TIIBKH TPETHOI0 Ta BOcbMOI0 MaTpunsiMu I'enn-Manna. MeToro niei podoTu € 3Ha-
XOI’KEeHHsI MATPHUIi mepeTBopennst () Ta BCTAHOBJIEHHS NEPETBOPEHHs TPATKOBUX 3MiH-
anx U p Mg Ai€10 «migKpy4eHnx» rpaHu4HuX ymoB. Iloss iHBapiaHTHI BiTHOCHO eJle-
MeHTiB HeHTpy rpynu SU(3). Y rpaTkoBoMy MO/e/II0OBAHHI HAlYacTille BUKOPUCTOBY€EThb-
cs OTHOIIaKeToYHA i Binbcona. /lis Bibcona € iHBapiaHTHOIO BiTHOCHO LIEHTPY rpynu
SU(3) BHacaiok iHBapiaHTHOCTI 1MOJIiB BiTHOCHO LIEHTPY I'PyNu. Y 3aralbHOMY BHIIAJIKY,
B IIPHCYTHOCTI 30BHILIIHBOT0 MOJIsA J1ist He Oy/e KaJi0pyBaJIbHO iIHBaAPiaHTHOI0, TOMY 11O 30-
BHIIIIHE M0JIe MPU3BOIUTH /10 MOSIBH BUALTEHOr0 HANPSIMKY. B podoTi oTpuMana matpuus
TepeTBOPEHHS «IMiIKPYYEeHHX» IPAHUYHUX YMOB i 3Hali/IeHO MepeTBOPeHHs KATiOpyBaJib-
HOIO NOJIS HA IPAaTHi B IPUCYTHOCTI 30BHIIIHIX XPOMOMATHITHHX MOJIIB.

Kawuosi ciaoBa: rparkoBa KamiOpyBaibHa Teopiss moiisi, XpoMmomarHitHe mose, SU(3)-
[III00IMHAMIKA.

B SU@3) pemérouHoii Teopuu MoJisi € MOMOIIbIO «MOAKPYYEHHBIX» TPAHUYHBIX
YCJIOBHIl COBMECTHO BBOJSITCSI HelTpaJbHbIe XPOMOMATHHUTHBIC IOJf, COOTBETCTBY-
olMe TpeTbeMy M BOCLMOMY IeHepaTopaM rpymnmpl. B nannoii padore onm Oepyrcst
conanpas/ieHHbIMH. PaccmarpuBaercs pemérka N X N, ¢ runeproponnaibHoii Tomo-
gorueii. ITocTosiHHOe XpOMOMarHMTHOE 10Jie HANPaBJIEHO B0JbL ocH z . Ha pemérke oHo
BBOJUTCS Yepe3 «IOAKPYYCeHHbIE» TPAaHUYHbIC ycI10BH, onpeaensembie SU(3)-maTpuneit
(2. DT1a MaTpHLIA COMEP/KUT MOTOKH BHEIIHHUX MOJIei. PaccMOTpenne orpaHuveno ciy4a-
em, koraa {2 renepupyercsi TOJIbKO TpeTheil u BocbMoii MaTpunamu I'esi-Manna. Ieabio
3T0ii paboThI SIBJISIETCH HAITH MAaTPUIly npeodpasosanns () M MoKa3aTh, KaK npeodpasy-
10TCs pellleTOYHbIe lepeMeHHbIe L? noJ AeiicTBHEM «MOJKPYYEeHHBIX» IPAHUYHBIX YCJI0-
puii. [los U , WHBAPHAHTHBI OTHOCHTEILHO 2J1eMEHTOB uentTpa rpynnsl SU(3). B pemre-
TOYHOM MO/Ie/TMPOBAHMH Yallle BCEro HCIOJIb3yeTCsl OJHOIIAKeTOUHOe AeficTBHe Buiibco-
Ha. JleiicTBue BuiibcoHa sBJsieTCA MHBAPUAHTHBIM OTHOCUTEJIBHO HeHTpa rpynnbl SU(3)
BCJIe/ICTBME HHBAPHMAHTHOCTH MOJIeili 0THOCHTEIBbHO LeHTpa rpynnel. B o0mem ciydae, B
NPHUCYTCTBMH BHELIHEr0 MOJIfl AeficTBHE He OyaeT KaaTuOpOBOYHO MHBAPHAHTHO, TAK KAK
BHeIlIHee 110Jie IPUBOAMT K MOSIBJICHHIO BbIeJIeHHOI0 HanpasJieHusl. B padote nmosnyyena
MaTpHIa NMpeodpa3oBaHUsl «IIOAKPYYEHHBIX)» I'PAHNYHBIX YCJIOBHUI MU HaliieHO npeodpa-
30BaHMe KaJUOPOBOYHOIO IOJISI HA pellieTKe B IPUCYTCTBMH BHEIIHUX XPOMOMATHUTHBIX
noJieii.

KioueBble ciioBa: peméroynas KauOpoBoUHast TEOpHs 10JIs1, XpoMoMaruutHoe none, SU(3)-
TJIIOOJJMHAMHKa.

External neutral chromomagnetic fields, which correspond to the third and eight
gauge group generators, are introduced in pure SU(3) lattice gauge theory thfouj%’h
the twisted boundary conditions. In this paper they are co-directed. A N XN,
lattice with the hypertorus topology is considered. A constant chromomagnetic field is
directed along the z-axis. On the lattice it is introduced through the twisted boundary
conditions with SU(3)-matrix (2. This matrix contains the external field flux. In this
paper we consider the case, when () is generated by the third and eight Gell-Mann
matrices, only. The aim of this work is to find this matrix ) and show how the field
variables U ~are transformed under the twisted boundary conditions. Fields U are
invariant under the center elements of the group SU(3). In this work the one-plaquette
Wilson action is considered. Due to invariance of fields under the center of the SU(3)
group, action is invariant under this center too. In general, action isn’t gauge invariant
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in presence of external field, because external field brings a preferred direction. In this
paper the matrix of twisted boundary conditions transformation is obtained. It is shown
how the lattice gauge field is transformed in the presence of external chromomagnetic
fields.

Key words: lattice gauge theory, chromomagnetic field, SU(3)-gluodynamics.

Introduction

Nowadays quantum phenomena in external fields are intensively studied in the
literature (see [3], [S] and references therein). It is established that external magnetic
fields may strongly affect the dynamics of QCD phase transitions. In particular, they
could decrease the temperature of confinement-deconfinement phase transition. For
example, in [1] the effects of chromomagnetic field corresponding to the third Gell-
Mann matrix was considered. Chromomagnetic fields also lead to new phenomena such
as the chiral magnetic effect [3], etc.

Another important problem related to external fields is the origin of cosmic
magnetic fields. In [6] a possible mechanism of magnetic fields creation was proposed —
the spontaneous generation of magnetic fields at high temperature. It was found
analytically, that in the SU(3) gauge theory the chromomagnetic field corresponding to
the third and eight Gell-Mann matrices can be generated spontaneously with strengths
gH « g4T > [7]. In SU(2) gauge theory the similar research has carried out both
analytically [6] and on the lattice [2]. However, non-perturbative analysis of simultaneous
generation of the chromomagnetic fields (A and H,) in SU(3) gauge theory has not
been performed yet, as well as the temperature dependence of the chromomagnetic field
strengths has not been investigated.

In this paper two neutral external chromomagnetic fields corresponding to the third and
eight Gell-Mann matrices are introduced on the lattice. These two matrices are taken due
to the diagonality, consequently the corresponding gauge transformation does not imply
mixing with the color charges. We assume that these two fields are spatially co-directed.

Twisted boundary conditions

External chromomagnetic fields cannot be introduced on a lattice by setting specific
initial configuration. They cannot be also an additive term to field values generated
randomly. Hence, external fields must be introduced as parameters, which are forcibly
controlled in simulations. They can influence configurations on the lattice, but the Monte
Carlo procedure must not change them. Minimizing the thermodynamical potential with
respect to the external field the spontaneously generated fields can be found.

There are different ways to introduce external field on a lattice. For example, in [1]
it was introduced by fixing link variables at the time coordinate ¢ equal 0.

Another way to introduce external chromomagnetic field on a lattice is through
the twisted boundary conditions (t.b.c.) [8]. This method was applied in [2] for the
SU(2)-gluodynamics; in this work the external field was introduced through t.b.c. The
t.b.c. seem to be convenient to research the problem of spontaneous generation of
chromomagnetic field in the SU(3) theory.

Let us consider a N x N, lattice with the hypertorus topology, N, is the number
of the sites in spatial directions and N, is the number of sites in the temporal direction.
The ordinary periodic boundary conditions on this lattice are (Fig.1, a)

U,(Ng,n,,n_,n)=U,0,n,n_n)
U,(n,Ng,n_,n)=U,(n,0,n_,n,)
u,n,n,N,n)=U,n.,n,O0n)
Uﬂ(nx,ny,nZ,NS):Uﬂ(nx,ny,nZ,O),

(M
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U, expresses the gauge field on the lattice,
id, (x)a

g is the coupling constant, A ” (x) is the gauge field potential in the continuum theory,
a is the lattice spacing.

Let us introduce a constant field directed along the z -axis. In continuum case the
potential 4 = (0, Hx,0,0) corresponds to the constant magnetic field H =(0,0,H).
Such a field" obeys the following boundary conditions (Fig.1, b):

U,(Ny,n,n.,n)=U,0,n,nn,)

U,n,Ng,n,n)=QU, (n,0,n_,n)Q" &)
v,n,n,N,n)=U,n.,n,O0,n)

Uﬂ(nxanyanzaNs) =Uﬂ(nx,ny,nz,0),

where € is the SU(3)-matrix, containing the external field flux, the cross denotes the
Hermitian conjugation. Eq. (3) sets the t.b.c. on a lattice. Generally, Q is an arbitrary
SU(3)-matrix. In this paper we consider the case, when Q is generated by the third and
eight Gell-Mann matrices, only. The aim of this work is to find this matrix € and show
how the matrix U, is transformed under the t.b.c.

To use these boundary conditions all fields must be invariant under the center
elements of the group SU(3) [8]. Fields U, are invariant under it. In this work the
Wilson action [4]

S, :EZZReTr(I—UW(n)) (4)
3 neA u<v

is considered. In this equation S=6/ g2 is the inverse coupling,
U, m)=U,mU, (n+ U, (n+vV)U (n)is a plaquette variable, /& is the unit
vector in  -direction, I is the 3x3 unit matrix; summation is over all sites of a lattice
A and over all directions. Due to invariance of fields under the center of the SU(3)
group, action (4) is invariant under this center too. In general, action (4) isn’t gauge
invariant in presence of external field, because external field brings a marked direction.

r . . r - .
- h
N | N '
pt pt
: — : I
™ o b o
o )

\ \
U(Ns) = U(0)/ U(Ns) = ﬂumm*\
a b

Fig. 1. The common periodic boundary conditions (a) and the t.b.c. (b) in ) -direction.
For convenience the 2-dimensional section of 4-dimensional lattice is shown. In all directions
except for the y -direction the ordinary periodic boundary conditions are always assumed
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Since Q is the SU(3)-matrix corresponding to third and eight SU(3)-generators, it
is defined as follows

Q = /Parok)2 (5)
The third and eight Gell-Mann matrices have the form
1 0 0 1 0 O
A=l0 -1 0 A= % 01 0] (6)
0 0 O 0 0 -2
Consequently, Sl 0 0
= 0o £ o0 | (7)
0 0 ™

where the factor 1/ \/§ is included in the @ . From [1] it may be seen, that quantities ¢
and @ are the fluxes of fields through a plaquette.

According to Eq. (3), in the points 7, = N, (the edge links) the lattice gauge field
is transformed as

U'#:QU”Q+. (8)
SU(3) matrices U ,, are parameterized in the form [4]:
u u, u, Uu

u,=|vI =lvi v, v, )
w woow, w

where rows are the components of complex vectors %, Vv and w;
— — %k — %k
W=u xXv , (10)

star symbol denotes the complex conjugation. It is seen that there are only twelve

independent real components, which form the # and v vectors, the third matrix row

is completely restored according to Eq. (10) by first two rows. The U’ ,, matrix has the

same form as U, matrix. Its components will be denoted by prime symbols.
Multiplying matrices in (8) one obtains

u, u, & u3ei(¢+3w)/2
U,=| wve” v, ve 0| (11
Wle—i(¢+3w)/2 eri(¢—3a))/2 w,
or, component-wise,
Re u' =Re u,; Im u', =Im u;

Re u',=Re u, cosg—Im u, sing; Im u',=Imu, cosg+Reu, sing;
Re u'; =Re u; cosé—Im u, sing; Im u'; =Im u, cosé—Reu, sind;

Re v, =Re v, cosg+Im v, sing; Im v',=Imv, cosg—Rev, sing;
Re v, =Re v,; Im v, =Im v,;
Re v',=Re v, cosp+Im v, sinp; Im v',=Imv, cosp—Rev, sinzy,
+3 -3
where§:¢ a),77=¢ @

2 2
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In this form the t.b.c. can be introduced into computational software, which
performs lattice simulations.
The fields ¢ and @ are related to the continuous fields H; and H; by the

following relations [1]: o

a’gH, =¢; a’gH, =—. (12)
These relations should be used to obtain the physica)/;alues of corresponding fluxes

on a lattice.
Conclusions

In this paper the t.b.c. in the lattice SU(3)-gluodynamics were introduced: the
gauge transformation matrix which gives the t.b.c. is calculated and it is shown, how
the lattice field U ,. 18 transformed by the t.b.c. All the physical values as, for example,
Wilson action (4), are periodic by fluxes ¢ and @ . In general case the period by every
argument is 47 . In the slice w =0 the period is 27 , whereas on the slice ¢ =0 it is
4r /3. The action S, (@, ®) forms a two-dimensional surface.

As was mentioned above, action S, (#,®) is invariant under the
center of the SUgS_) group. This center consists of three matrices: 1,
diag(ez”’n,ez”’m,e’ 73) and diag(e4”’/3,e4””3,e’2”’/3) . The following values of
fields are correspond to them: @ =27k, ¢ = 272(21 - k) correspond to the identity
matrix, @ =4z /3+2xk, ¢ = 27[(2] -k ) to the first of the diagonal matrices and
w=2r/3+2xk, p=27(21-k+ 1) to the second one, k and / are integer.

The obtained results can be used in searching for the spontaneous generation
of chromomagnetic fields, calculation of magnetic mass in presence of external
chromomagnetic field, and also in investigation of fermion dynamics in the external
chromomagnetic field background.
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