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TO THE PROBLEM OF THE HAMILTONIAN FORM FOR A SYSTEM OF
TWO-LEVEL ATOMS INTERACTING WITH ELECTROMAGNETIC FIELD

On the basis of the Lagrangian formulation of dynamics of a system of charges and electromag-
netic field, the Hamilton operator for a system of one-electron two-level atoms is constructed with tak-
ing into account the smallness of an electron mass in comparison with that of a core. In addition, it is
taken into consideration that electrons in atoms move basically in a small vicinity of cores. The equiva-

lence of Hamilton operators of the system in the Coulomb gauge and dipole approximation (XE -

approximation) is established for investigating the system of atoms and electromagnetic field by dint of
a unitary gauge transformation. It is ascertained that using the dipole approximation is simpler be-
cause calculations in the Coulomb gauge require an additional transformation of physical value opera-
tors. It is noted that applying the P-A -approximation reduces the calculation accuracy compared with

the dipole approximation. The investigation is performed in the framework of many-particle theory on
the basis of the quantum Liouville equation for the statistical operator of a system.
Keywords: interaction between atoms and electromagnetic field, dipole approximation, Coulomb

gauge, two-level atoms, XE -approximation, p-A -approximation.

Ha 0a3i Jarpan:koBoro popmyJIl0BaHHS JHHAMIKH CHCTEMH 3apsliB i €J1eKTPOMATHITHOIO IO/
Oynyerbes oneparop I'aminbToHa cHcTeMH OJHOEJIEKTPOHHMX JBOPIBHEBHX aTOMIB i3 ypaxyBaHHSIM
MAaJI0CTi MAcC eJICKTPOHIB NOPIBHAHO 3 MACOI0 A1pa. J[01aTKOBO BPAX0OBAHO, 110 €JICKTPOHH B aTOMax B
OCHOBHOMY PYXaKThCsl B MAJIOMY OKOJIi siipa. BcranoBiieHO exkBiBasleHTHiCTL onepaTopis I'aminbTona
CHCTEeMH B KyJIOHIBCHKOMY KaJiopysanui ii y qunoasnomy nadauwsxenni ( X-E -naémmxenni) y pocni-

J7KeHHI CHCTeMU 3 aTOMIB i eJleKTpoMarHiTHoro nmoJisi. Ile poouThes 3a 10MOMOro0 YHiTApHOro KaJio-
PYBAJIBLHOIO NePeTBOPeHHs. BecTaHOBIICHO, 1110 BUKOPUCTAHHS JMIIOJIbHOI0 HAOJMIKEHHS BUABIAECTLCA
NPOCTilINM, OCKIJILKHY NPH PO3paxyHKax y KajaiopyBanni Kysona Heo0xigHe 101aTKOBe HepeTBOPEHHs
onepatopis ¢iznanux Beauuun. 3azHaveno, mo 3acTocypanns A -HabanAKeHHS 3MEHNIYE TOUHICTHL

004MCJIeHb MOPIBHSIHO 3 THIOJIBLHUM HAGIMKeHHsIM. J[0C/IiIZKeHHs BHUKOHAHO B paMKaxX 0araTto4yacTu-
HKOBOI Teopii Ha 0CHOBI KBAHTOBOI0 PiBHAHHA JIiyBijas 118 CTATHCTUYHOIO ONIEPATOPA CHCTEMH.
KirouoBi ciaoBa: B3aeMoJisi aTOMIB 3 €JIEKTPOMArHITHUM TOJIEM, TUIIOJbHE HAONMKEHHS, Kaliopy-

BanHs KynoHa, 1BOpiBHEBi aToMH, XE -nabmmxenus, p-A -HaOJIMKEHHS.

Ha ocnoBe narpan:kepoii (popMyIHpPOBKHM IHHAMHKH CHCTeMbl 3aps0B U 3JIEKTPOMATHUTHOIO
NoJIs CTPOUTCH onepaTop 'aMHIbLTOHA CHCTEMBbI 0IHO3JIEKTPOHHBIX IBYXYPOBHEBBIX ATOMOB C y4eTOM
MAaJI0CTH MACC YIEKTPOHOB M0 CPABHEHHIO ¢ MacColi siApa. JIONOJHHUTEILHO YYTEHO, YTO 3JICKTPOHbLI B
aTOMaxX B OCHOBHOM JBH:KYTCHl B MAJIOil OKPECTHOCTH f11pa. Y CTAHOBJICHA IKBHBAJICHTHOCTh OIlEePaTo-

por TaMmibToHa cHcTeMbl B KanuGpopke Kyidoma w B jgumonbnoM npudamxennn (XE -
NPUOIHIKEHNH) B HCCIETOBAHUN CHCTEMBI H3 ATOMOB M 2JIEKTPOMATHUTHOIO NOJIsl. ITO CeJIaHO C MOo-
MOIIbI0 YHHTAPHOIO KAJHOPOBOYHOI0 NMpeodpa3oBaHUs. YCTAHOBJIEHO YTO HCIOJb30BAHHE IUIOJb-
HOro NpHOJMKEHUSI OKa3bIBaeTcs 0oJiee NPOCTBIM, MOCKOIbKY NPU BBIYUCICHUAX B Kanubposke Ky-
JIOHA He00XO0AMMO [JOIOJHHTENIbHOE NMPeodpa3oBaHHe ONEepaTOPOB (PM3MYECKHX BEJHYHMH. YKa3aHo,
4T0 npuMenenue A -NPUOIMKEHHs] TOHMKAET TOUHOCTH BHIYMCICHHI 110 CPABHEHHIO ¢ THUNOJILHBIM
npuoan:keHueM. PaccMoTpenne BbINOJHEHO B PAMKAX MHOT0YaCTHYHON TeOPHH HAa OCHOBe KBAHTOBO-

ro ypaBHEeHUs .J_[l/IyBl/IJ'lJ'lﬂ AJISl CTATUCTHYECKOI 0 ollepaTopa CUCTEMbI.
KiioueBble ci10Ba: B3auMOJICHCTBUE aTOMOB C 3JIEKTPOMArHUTHBIM I10JIEM, JUIIOJIBHOE HpI/IGHI/DKCHI/IC,

xam6poska Kynona, nByxyposHessie aTomsl, XE -npubmmxenne, P-A -npubrmkenmue.
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1. Introduction

The problem of interaction between atoms and electromagnetic field is a well-
known one, but the literature contains contradictory assertions about the limits of dipole
approximation (x E -approximation) applicability in comparison with the interaction de-

scription in the Coulomb gauge. Besides it, in a number of papers [1] so called pA -

approximation is used; it is obtained from the theory in the Coulomb gauge via neglecting
the vector potential square. It is noted that the dipole approximation Hamiltonian is ob-
tained through the gauge transformation of the Hamilton operator of atoms and electro-
magnetic field in the Coulomb gauge, but at the same time it is affirmed that their appli-
cation to solving some physical problems lead to differing results [2]. The present paper
task is the discussion of the mentioned problems on the basis of fundamental Lagrangian
electrodynamics formulation and the quantization procedure for the proposed classical
theory.

2. Classical theory of atom interaction with electromagnetic field

The Lagrange function of atom system with one electron in an external electromag-
netic field has the form

L(t)IZ(M;§+m(ua+uae)2+ e’ j—

2 | Xze |

1)
—ZEQP(Xa vt) + Ze@(xa + Xae ’t) + Z%ua ’ A(Xa’t) - Z%(ua + uae) : A(Xa * Xae ,t)

where X, is a radius-vector of an a-th atom, x,, is a radius-vector of the electron in the
a -th atom (its origin is at the end of the vector x,), u, and u,, are corresponding ve-
locities. The interaction between atoms is not taken into account in the expression (1).

In our problem it is convenient to pass to the coordinates of the centers of mass of
atoms. Bearing in mind that the core mass is much more than the electron mass m<< M,
we can confine ourselves with the following approximate expression for the system La-
grange function

2

2 2
Lty=3 MM, Mee , € 1 Saiix )+ 3 e0(X, +Xeo ) +
a 2 2 |Xae| a a

(2)
+z%ua : A(Xa’t) - Z%(ua + uae) : A(Xa + Xaeit) :

Further on, it should be taken into account that the electron is relatively close to the core
and the expression (2) can be expanded in a series in X, . In the result we come to the

Lagrange function of the system of atoms in an external electromagnetic field

2 2 2
L(t) — ZL Mzua + m;ae + e j—i_zexae X a(p(Xa,t) _
a

ae | a axa

3)
oA, (xa,t)j

e
- u,.-A(x,,t)+u,x
Cg[ ae ( a ) an” ael 8x

al
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To the problem of the Hamiltonian form for a system of two-level atoms interacting with electromagnetic field

where in the last term vector indices n and | are used. In this case the Hamilton function
of the atom system has the form

2 2
H(t)=2(i(pae+%A(xa,t))z— : j+Z 5 [pa—idm—%(xa't)j +

2m X | ) 52M c OXy @
+>.d, %
a a
where the corresponding momenta
Pa =Mu, —%Xael aAT(T) Pae = MU —%A(xa,t) (5)
and the electric dipole moment of the atom
d, =ex, +(—e)(X, + X, ) = —€X,, (6)

are introduced. Note, that the transition from the Lagrange function (2) to ones similar to
(3) is discussed in details in [3].

In the weak relativistic theory of atoms interacting with an external electromagnetic
field the approximation that corresponds formally to the zero value of the vector potential
in (4) is widespread. Then the Hamiltonian (4) takes the form

e2

Hl(t):zHae+z e _Zda'E(Xa't) (Hae:h_ ), (7)

2M 2m

| Xge |

tally with the dipole approximation [5]. This approximation substantiation on the basis of
the electromagnetic field gauge choice with A(x,t)=0 and ¢(x,t) #0 seems to be im-

possible. At the same time the Coulomb gauge is possible
o(x,t)=0, divA(x,t)=0, (8)

in which we come to the Hamiltonian

2 2
Hz(t)=2(i<pae+§A(xa,t»2— : ]+Z - [pa—ldal—aA(Xa’t)] ©)

2m X |) 5 2M c OXy

The obtained expression (9) is absent in literature on quantum optics [1, 2, 5] (however,
similar problems are discussed in [3, 4]). The distinction is in a new member containing
vector potential derivatives. In the next section we show that it is essential for considering
the problem of a gauge transformation of the quantum Liouville equation.

3. Quantum theory of atom interaction with a classical electromagnetic field

Let us discuss now the problem of quantization of the theory developed in the previ-
ous section. Actually the guantization consists in constructing the operators of physical
values. In the quantum theory the following Hamilton operators correspond to the Hamil-
ton functions (7) and (9):

2

~A D A2

~ ~ p ~ " ~ p e ~ .

H,(t) = z H.+ z _2|\a/l - E d,-E(X,,t) (H, 5—2?; _IA | , d,=—eX,) (10)
a a a ae
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and

2

2
J . (1)

We shall show that the Hamilton operator (10) can be laid in the basis of investigat-
ing the electrodynamics of atoms, though its derivation is not substantiated. With this end
in view we consider the quantum Liouville equations corresponding to these Hamiltoni-
ans

HAZ(t) = Z(i(ﬁae +%A(§(a't))2 - °

1. e. OA(X,t)
+ ) — +—X g ———
2m |>A<ae|} Za:ZM {pa c ™

OXy

op, (t) _

i ap, () _ i
22RO 00 L2 =R, 00,01 (12)

ot

Statistical operators p, (t) and p,(t) are connected with a unitary transformation

N - B A
P =UMp, UM, U= exp(—uh—CZxae -A(xa,t)J . (13)
a
In fact, the formulas
A e A B L oA B OA(X,,t
U(t)pU®)" = Pae __A(Xa’t) , U (t)an t)" = Pa =7 Xae 'M (14)
c C Xy |, s
are valid, that follows from the canonical commutation relations
[)A(an ) ﬁbl ] = ihgabanl ) [)A(aen ) ﬁbel] = ihaabSnl : (15)
The transformation laws (14) lead to the identity
U®H,(OUO" =H,0+ X d, -E(X,.1), (16)
a

which proves that solutions of equations (12) are connected by the unitary transformation
(13) because

10A,(xt)
ot
Note, that gauge unitary transformations for problems of the theory of nonequilibrium

processes are discussed in the literature (see, for example, [4, 6, 7]).
In papers devoted to the description of atom-field interaction it is noted that using

the Hamilton operators I:Il(t) and |:|2(t) can lead to non-coordinated results at average

value calculations [2]. It follows from our consideration that such a formula is valid for
calculating the average values of physical variables

E,(xt)=— 17)

A=Spp,(t)A=Spp, (U ()" AU(t). (18)

In other words, if the statistical operator p,(t) is used for average value calculation, the
operators of physical values should be subjected to the unitary transformation (13). Thus,
using the statistical operator p,(t) and Hamiltonian ﬁl(t) IS more convenient.
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To the problem of the Hamiltonian form for a system of two-level atoms interacting with electromagnetic field

Now we shall discuss the Hamilton operator I:|1(t) in the approximation of two-
level atoms. Electron states in the a -th atom are described with Dirac vectors | a, o)

Hela,w)=E,Jaw), (aalaa)=8,, »laaXaal=l, (19)

where for two-level atoms «,a’,...=1,2. Matrix elements for the dipole moment operator
of the electron in the a -th atom are given by formulas [5]
(a,ald,|a,0)=0, (al|d,|a,2)=(a,2|d,|al) =d,;
(20)
d,=n.d, nZ=1.

a
Here we take into account that in the absence of external field the average dipole moment
of an atom equals to zero for the reasons of rotational invariance. The dipole moment d of
the transition between the states o =1,2 is the same in all the atoms (d* =d), but its ori-
entation described by the unitary vector n,, is different. The Hamilton operator (10) with
taking into account formulas (19) and (20) can be put down as

H, (t) = Z(zﬁfh +E,R,, —2R,(d, -E()”(a,t))) (E,=E, -E,)) (21)

where Dicke operators ﬁn [8], which are expressed via the Pauli matrixes, are introduced

A 1 , ) 01 0 -i 1 0
Ra|EEZ|a,OL><a,OL |6|,a(x" ze[l OJ’ 6y=[i 0)' GZ:(O _:J (22)

and a constant connected with the beginning of atom energy readings is omitted.

4. Quantum theory of atom interaction with a quantum electromagnetic field

In accordance with the idea of quantization the Hamilton operator of a system con-
sisting of atoms and electromagnetic field is given by the formula

~2
HlZZ(ZpI\a/I +E0Raz _ZRax(da'Et (Ra))\]"'kZ:hO)kC;kcak ((’Ok =ke, kElkD (23)

Here the external field in (21) E(x) is substituted with the operator of transversal electric

field E' (x) . It can be shown that a longitudinal electric field introduces a direct Coulomb

interaction between atoms if in the framework of the Coulomb gauge the scalar potential
is chosen in a proper way rather than considered to be equal to zero. The transversal elec-

tric field operator E! (x) is taken here in the form [2]

1/2
ét (X) _ Z[ 275\3%71) (ea (k)cakeik.x + e’(; (k)C;ke—ik-x) (24)
k,o

where the complex polarization vectors e (k) corresponding to the circular polarization

are used. The last item in (23) is the Hamilton operator of the free electromagnetic field.
As a result, we come to the standard Hamilton operator of a system of atoms and elec-
tromagnetic field [1, 2, 5, 9, 10].
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Note, that one can find in the literature different expression for operator of the trans-
versal electric field

Ct . 2nwyh V2 ikx % + a-ikex
£ =% 22| (e (ee el i ™) (25)
k,o

(see, for example, [6]). Expressions (24) and (25) are connected by the canonical trans-
formation of creation and annihilation operators c;, — -ic_,, ¢, —ic, and both can
be used.

5. Conclusions

Proceeding from the fundamental Lagrangian formulation of dynamics for a system
of one-electron atoms and electromagnetic field, the equivalence of Hamilton operators in
the Coulomb gauge and dipole approximation (xE -approximation) is shown. In the

framework of the multi-particle theory on the basis of the quantum Liouville equation for
the statistical operator of the system, it is ascertained that the both approaches lead to the
same average values of physical variables at the proper transformation of their operators.
Incidentally the application of the theory based on the dipole approximation is simpler.
The inexpedience of using for the Hamilton operator in the Coulomb gauge the pA ap-

proximation where the vector potential square is neglected follows from the established
equivalence of the discussed approaches.
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