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INHOMOGENEOUS COSMOLOGICAL MODELS BASED ON THE STEPHANI
SOLUTION

A class of spherically symmetric cosmological models based on the Stephani solution for the
universe with shiftless perfect fluid is examined. Such models are close to the FLRW models and differ
by a small deviation in spatial curvature while the dynamic Friedman equation is conserved. Two
subclasses of models for positive and negative spatial curvature are built without concretization of the
state equation in the center. The number of models with concrete state equations in the symmetry
center are constructed and investigated for the positive spatial curvature. Cosmological parameters,
such as Hubble parameter and deceleration parameter, are found and discussed for these models.
Almost all of the models (except the ones with radiation and with the medium where gravity is higher
than that of the dust, but lower than that of the radiation) have negative pressure at the early period of
time, and all of these models tend to zero pressure during their evolution. The analysis of expressions
for the deceleration parameter of these models showed that such parameter can be negative only for
the models including phantom energy or quintessence, as in the FLRW maodels.

Key words: Einstein equations, universe accelerated expansion, Stephani soluiton, inhomogeneous
cosmological models.

Y poboti gociigxeHo kjaac cpepuyHO CHMETPUUYHUX KOCMOJOTIYHUX Mojelieil, 6a30BaHMX Ha
po3B’si3ky Credani, sSIKMil omHMCye BCecBiT, 0 3amoBHeHMii 0e33CYBHOIO ileajbHOIO pigMHOIO.
PosrasinyTto HeomHopinHi mojmeni, siki € oamsbkumu a0 FLRW-moneneii, ane BinpisHsiroThbest Big
OCTaHHIX MPOCTOPOBOI0 KpuBUHOMW. Ilo0y10BaHo miaKkIacu po3B’s3KiB /sl MO3UTUBHOI TA HEraTUBHOL
NPOCTOPOBOi KPUBHU3HHM 0e3 KOHKpeTu3auii piBHsAHHA cTaHy B ueHTpi cumetpii. [loGynoBaHo Ta
JAOCTIMKEHO psAd Mojelell 3 KOHKPEeTH30BAHMM DpIiBHSIHHAM CTaHy B IHeHTpi cumertpii. st
JAOCTIIXKYBAHMX MojeJeil OTPHMAHO BHMPa3H I KOCMOJOTiYHMX MapaMeTpiB, TAKHX SIK MapaMeTp
Xa00J1a if mapaMeTp cnoOBIJIbHEHHS, Ta PO3IVIAHYTO iX moBeainky. Bei Monesi (3a BUHATKOM Mojeteid i3
BHIIPOMIHIOBAHHAM i MojeJieii i3 mapaMeTpoM CTaHy MiX IHJIOM Ta BHIPOMiHIOBAHHSIM) MalOTh Ha
MOYATKY eBOJIIOUII Bil’€MHMIl THUCK, IKHIH 3r0f0M NPSIMY€ 10 HYJsA. AHAJI3 BUpasiB JJ1d mapamerpa
CTOBiILHEHHSI JaHUX Mojeseil MoKa3aB, 0 MPUCKOPeHe PO3INHPEHHSI BCECBITY MOKJIMBO TiIIBKH 1151
MoJeeil, ki MicTATHL ¢paHTOMHY eHeprilo a0o KBiHTeceHNilo, AK i B Mogeasx FLRW.

KiouoBi cioBa: piBasHHsa EifHmTeiiHa, mpHCKOpeHe pO3IIUpPEHHs BcecBiTy, po3B’s3ok Credawi,
HEOJHOPIiHI KOCMOJIOTIYHI MOJIeNi

B pa6Gore mccienoBan kiaacc chepuyecKH CHMMETPHYHBIX KOCMOJIOTHYECKUX Mojelei
OCHOBAaHHBIX Ha pemenun CredaHH, ONNCHLIBAIOIIEM BCeJeHHYI0, 3aMoOJHEHHYI0 OeccIBHIOBOIi
HAeATbHOMN KUIKOCTHI0. PaccMOTpeHbI HEOTHOPOAHBIE MoeH, Oin3kue K moaeassm FLRW. /lannbie
Mozaean oriamdaTces o FLRW-moneneii nmpocTtpancTBenHoii kpuBu3HOil. [liasi oTpuuaTeabHOi M
TOJI0KUTEIbHOMH NPOCTPAHCTBEHHON KPUBU3HBI OCTPOEHbI MOAKJIACCHI MoJeeil 0e3 KOHKpeTH3auuu
YpPaBHeHUsI cocTossHUs B meHTpe. IlocTpoeH W McciaenoBaH psfx Mojedeil ¢ KOHKPeTHBIMH
YPAaBHEHUSIMH COCTOSIHHS B LIEHTpe cuMMeTpHuu. [l moJiy4eHHbIX MojieJieii Hccle0BaHO NOBeJeHUe
KOCMOJIOTHYECKHX IapaMeTpoB, TAKUX Kak nmapamerp Xa00.1a u mapametp 3amenseHnus. Bece Mmogenn
(32 ucKJI0YeHHEeM MojeJieill ¢ M3JIyYeHHeM H Mojeseil ¢ MapaMeTpoM COCTOSIHHUSI MeXAy NbLIbI0 U
U3Jy4yeHHeM) HMeI0T Ha PAaHHUX CTaAMsX 3BOJIONMH OTpPHIATe/lLHOEe JaBJeHHe, KOTOpoe ¢ TeYeHHeM
BpeMeHH CTPeMHTCSl K HYJI0. AHAJIN3 BbIPAasKeHMil I/ mapaMeTpa 3aMelJIeHHMsl AAHHBIX MojeJiei
MoKa3aj, YT0 YCKOPEeHHOe paclIMpeHHe BCEJCHHOH BO3MOKHO TOJILKO JJIs Mojeiei, BKIIYAIIIHX
(haHTOMHYI0 SHEPIHI0 MJIN KBUHTICCEHIMIO, Kak 1 B FLRW-Mmoneasx.

KoroueBble ciioBa: ypaBHeHHs DiHINTelHA, YCKOPEHHOE pacliupeHne BeelieHHOH, pemenne Credanu,
HEOJTHOPO/IHbIE KOCMOJIOTHUECKUE MOJIEIH.
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1. Introduction

Discovery of the accelerated expansion of the universe [1] has led to a
reconsideration of the standard model of the universe. But a new model A CDM raises
new questions which are not covered by the standard model. In this connection, other
models are actively being built at the present time. Models with homogeneous energy
density and inhomogeneous pressure are especially interesting among them; such models
are called Stephani cosmological ones. The assumption of homogeneity is a first
approximation which was introduced to simplify Einstein equations. According to some
authors, deviation from this assumption gives the possibility to explain accelerated
expansion of the universe [2, 3]. It was noted that some models, based on the Stephani
solution were in good agreement with the observational data.

The Stephani universe is an inhomogeneous solution for perfect fluid with zero
shear, zero rotation and nonzero expansion. This solution was examined and discussed in
numerous papers. More complete review may be found in [4-8]. Also, the Stephani
solution has the FLRW solution as a limit and that is why it is very attractive in
application to the cosmological models. Quite successfully, cosmological models based
on the Stephani solution were built by Wesson & Ponce de Leon [9], Dabrowski [10],
Sussman [11] Barrett & Clarkson [12], Stelmach & Jackaka [3]. In this paper we obtained
and examined two types of exact Stephani solutions, which describe cosmological models
and include models that were mentioned above.

2. The Stephani universe
The Stephani universe is a solution of the Einstein field equations with a perfect
fluid source. The energy-momentum tensor is T =(e+ p)u®u® — pg®® where the
energy density is & = g(t), the pressure is p = p(R,t), u® is the four-velocity, g** is the
metric tensor. In this paper we use the form of the Stephani solution that was obtained by

mass—function method [13] in the paper [14] and that is more convenient for work, in our
opinion. So, the metric of the spherically symmetric Stephani universe is:

2

ds? = r:\.ﬂ dt? - r2(dy? + do?), )
r=2*"-ce ", (2

1
C=y-3e ©)

where n=n(t), y=y(t), f=ar/ét, do® =d6*+sin?0dy>. The energy density and
the pressure are connected by equation:
Er
=_—g———, 4
p=—e-os (4)
x may be chosen in such a way that the spatial part of the solution is conformal to
one of three homogeneous and isotropic spaces:
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.2
§% = 22 dt® —r?(y,t)| dy® +{sinh?y rdo® |, 5
rZ(X’t)WZ(t) (X ) X Slr;(hz X cUc ( )

where for the closed universe:

-1
r(X!t) = eﬂ(t)|:0082§ _ g(t)efZTl(t) SinZ%:| ’ (6)
for the open universe:
-1
r(x.t) = e"(t)[coshzg— g(t)e sinhzg} : )

and for the flat universe:

)= e-““[l— e ’ﬂ ®)

The Stephani universe contains three arbitrary functions depending on time — ¢(t),
C(t), m(t). £(t) is of the greatest interest. The analysis of invariants of the spatial

curvature tensor of the metric (1) shows that the invariants depend on the arbitrary
function £'(t) only. The scalar curvature and the Kretschmann scalar are:

R = —6((t), 9)

RuioRM =126%(t). (10)

Thereby spatial curvature depends on ¢(t) only. The type of space (closed, open or
flat) is determined by the sign of ((t). The fact that spatial curvature depends on an

arbitrary function and thereby may change its sign with time was discussed before [4],
[15]. It means that the spatial curvature is characterized by ((t) and (t) completely

determines the curvature. In this connection the flat universe is described by {=0. We
choose x =1In1/R to make the spatial part of the metric (1) flat:

1

1;]2\']2

ds? =

dt’> —e ?1(dR? + R%dc?). (11)

In view of the arbitrariness of y and n, we can choose them as 1/1y and Inl/a(t)
(a(t) is an arbitrary function), respectively, the metric (11) become:

dS? = dt? —a*(dR* + R%*dc?). (12)

But this is the well known FLRW metric. Therefore it makes no sense to consider
the flat Stephani universe, because it is the same that the FLRW one and, of course, some
observation data are in a good agreement with it.
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y(t) makes sense of the critical energy density. When spatial curvature is zero, then
¢(t) =0, according to (9). In accordance with (3):

VO =S50 (13)

3. FLRW as a special case of the Stephani universe

The FLRW solution is a special case of the Stephani universe. It is a well known fact
[4, 11]. In this chapter we show the forms of arbitrary functions in our parameterizations,
which transform the Stephani universe to the FLRW.

As it was mentioned above, the flat case of the Stephani universe is the FLRW one.
It is easy to show that the Stephany universe is transformed to the FLRW (open and
closed), when arbitrary functions have the following forms:

v =a/a, n=Inl/a,
£>0: ¢=1/a?% x = Incoth R/2, (14)
£<0: ¢=-1/a*, y=IncotR/2,

First of all, it is no sense in building a flat model based on the Stephani universe,
because it is FLRW. If the universe is described by the Stephani solution, it will be
curved.

It is interesting, in our view, to describe a curved FLRW model with some
deviations, that lead to the Stephani universe. We take arbitrary functions in the form
(14). We make an assumption that a(t) is the FLRW scale factor. So, formally it is a

n+2

FLRW solution. The energy density is taken in the form a/a
n —some real number. So (3) becomes:

, where o is a constant,

a2 o

pes -C= = (15)
First, the case Q:—],/a2 (closed model) is considered. The deviation from the

FLRW model is achieved by adding a summand [3/ak+2 (where B is a constant, k is a

real number) to the energy density. We make the same deviation in £ in order to save the
Friedman equation (15):

.2
a 1 B _a B (16)
a’ a’ a a a

Thereby the energy density is:

__« p
6=zt o7 (17)
and spatial scalar curvature is:
1 B
e Bt 18
C a2 ak+2 ( )
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The expression for r(y,t) may be obtained:

= a[1+ aﬁksinzg} , (19)

and the model metric is:
dS? = (1+ (k +1)W P (1+W ) dt® —a?(1+W)2(dy? +sin?xdo?), (20)
B

where W = o  sin? % 2

For the case ¢ = 1/a2 (an open model) equation (3) becomes:

a 1 B « B B (21)
a2 aZ ak+2 an-¢—2 ak+2 '

__« p
an+2 - ak+2 ! (22)
1 B
- L (23)
An expression for r(y,t) becomes:
-1
=a[1—a£ksinh2%} , (24)
and metric for this case is:
dS? = (1— (K +1)V P (1-V ) 2dt? —a?(1-V)2(dy? +sinh?xdc?), (25)
_B .o
o sinh 5

For the open universe the metric always has a singularity. Therefore, further we will
work with the closed models. Constants B and o are arbitrary. It is worth noting, that
these constants can be chosen small, and, in this case, the universe with small deviation
from FLRW may be obtained.

As a result, the built class is closed to the FLRW. The Friedman equation is
conserved. The barotropic equation of state in the symmetry center is determined by n
and k . A very popular Dabrowski's model 11 [10], [3] is a partial case of our model when
k=-1.

4. Pressure and energy density for n =1-type models

n =1-type models are two—component models where one of the components (n) is
fixed and it is the cold matter and the other component (k ) may be varied and determines
the behavior of spatial curvature. The pressure and energy density for these models are
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described in this chapter. The expression for pressure can be obtained by substitution of
(17) and (19) into the (4). Itis

p=[31+ (k+1)W )]*l[a((n ~1) -3k +1)W)a ™2 1+ B((k —1) — 3(k +1)W)a-<k+2>] (26)

The behavior of p(y,a(t)) was studied for different k that correspond to different

types of the second component. In our consideration: k =-5 for phantom energy; k =-1
for quintessence; k =0 for a medium where positive and negative gravity are absent;
k =1/4 for a medium where gravity is lower than that of the dust; k =1 for dust; k =7/4
for a medium where gravity is higher than that of the dust, but lower than that of the
radiation; k = 2 for radiation.

It follows from the analysis that almost all of these models have negative pressure at
early times, but soon enough pressure becomes zero. Exceptions are models for radiation
and for medium where gravity is higher than that of the dust, but lower than that of the
radiation. In these models a sign of the pressure depends on the spatial coordinate y and

scale factor a(t). For some early period of time pressure is positive close to the
symmetry centre and becomes negative at some v . But during the evolution, pressure
becomes zero, it tends to +0 unlike the other models, where it tends to —0. The model
with phantom energy has singularity of pressure at early time. As regards the energy
density, it decreases with time for all models (with the exception of phantom energy).
5. Observational parameters

The Hubble parameter H and deceleration parameter q are discussed in this

chapter. Following Ellis [16] H and q are defined as

1dl dl )2 d2
H=-——, =l —| —, 21
I dt a (dr} dr? @)

where 7 is a proper time measured along the particle world line, and | is some
representative length along the particle world-line. We should transform the metric (1) to
the following view if we want to use the definition (27):

ds? = do? — 121, %) (dy? + f%(y)do?), (28)

where f(y) =y,sin(x),sinh(y) for £=0, {<0,and >0 respectively; t and | are
defined as follows

S {0210 I, ):r(t(r,x),x)_

= , X 29
(O () =
In general, for the metric (1) H and g have the view
H r(t,x)
H = wy(t), =-1-——147
v(t), ¢ H () (30)
For the closed model described by the metric (20) the Hubble parameter is
H=2 (31)
a
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The deceleration parameter is

__amae) +w kw
a2(t) L1+ (k+DW 1+ (ktDW' (32)

For the open model, that is described by the metric (25) the Hubble parameter is the
same as (32) and the deceleration parameter is

_aEm) 1V kv
T a2t 1-(k+1V 1-(k+1V

(33)

So, as for open models, so for closed models the Hubble parameter is the same as for
FLRW (it is obviously from (31)). But g is not as simple as H ; it is a complicated

expression containing the dependence on the spatial coordinate y .

In the previous chapter it was shown that pressure can be negative at some evolution
period for these models. The question may appear: does it mean that deceleration
parameter can be negative without phantom energy, quintessence or some another exotic
matter, but due to the cold matter or radiation? Answer is: no. From (16) and (33) it
follows that

= —Esinzl(H (k +1)£SinZLJ_l[k —E(l—a—nj_l[a—ksinzl— J] (34)
ak7 2 a“” 2 2\« p 2 |

There are two chances to make q<0.

The first one is when k> n[2(1—a“/oc)Tl[(ak/B)sin*2 (X/Z)—l] and
1+ (k +1)Ba*sin?(x/2) > 0.

. n 1 Kk . 2

The second one is when k< n[z(l—a /oc)} [(a /B)sin (X/Z)—l] and
1+ (k +1)Ba“sin?(x/2) <0.

It can be seen, that the deceleration parameter can be negative only if k or n is
negative, and that means the presence of some kind of phantom energy or quintessence.

Thereby, this type of models can not explain the accelerated expansion of the Universe
without some exotic types of matter.

6. Conclusions

Two models close to the FLRW and based on the Stephany solution are constructed.
The models are built for the closed and open space. In these models the Friedman
equation is conserved. A small deviation of FLRW energy density induces deviation in
spatial curvature that, leads to effect of pressure inhomogeneity. Models for the open
space contain singularity in their metrics, that is why they have not been described.
Models for the closed space are considered for two—component models, where one of the
component is the cold matter and another component may be varied (we consider
phantom energy, quintessence, a medium where positive and negative gravity are absent,
a medium where gravity is lower than that of the dust, dust, a medium where gravity is
higher than that of the dust, but lower than that of the radiation, and radiation). Almost all
of the models (except for models with radiation and with the medium where gravity is
higher than that of the dust, but lower than that of the radiation) have negative pressure at
the early period of time, and all of these models tend to zero pressure during their
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evolution. All of these models (except for phantom energy where singularity exists in
pressure) have energy density that decreases with time inversely to the scale factor a(t).

The analysis of the expressions for the deceleration parameter for these models shows
that this parameter can be negative only for the models, which include phantom energy or
quintessence, as in the FLRW models.
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